Based on an iteration method, some generalized discrete fractional Gronwall inequalities are developed, which can be used in the qualitative analysis of the solutions to fractional difference equations and summation equations.
Introduction
In recent years, the fractional differential and fractional integrals have been adopted in various fields of science and engineering, which can be used to describe certain phenomena, reflect some physiochemical properties, and provide accurate models for the systems under consideration. Some applications of fractional calculus include fluid flow, rheology, dynamical processes in self-similar and porous structures, electrical networks, probability and statistics, control theory of dynamical systems, chemical physics, optics, and signal processing, economics, and so on. Therefore, they are receiving extensive attention from a variety of domains. References [, ] introduced the definitions of fractional calculus, theorems and basic analytic solutions of the fractional equation in detail. At the same time, the fractional difference equations, fractional sum equations, and fractional inequalities also play important roles in many areas. In , Miller In this paper, we will introduce some inequalities and their applications based on the definition in [] to demonstrate the qualitative properties of solutions to some fractional summation equations. The proof is based on the iterative method.
Definition . [] Let ν be nonnegative real number, define the ν-order summation of x(n) as
, * is the convolution operator.
Definition . []
Let μ be positive real number and m be the minimum positive integer which is greater than μ (m - ≤ μ ≤ m). Define the μ-order difference of x(n) as
where ∇ m is the mth-order backward difference operator.
In [], Cheng gave the discrete fractional summation Gronwall inequality.
Theorem . []
Suppose that β > . Let u n , a n , and g n be nonnegative functions, where g n is also monotone and nondecreasing and satisfies
In [], Zhang et al. have extended the result and given the following conclusion.
Theorem . []
Let β > , p ≥ r > , u n , a n , g n be nonnegative functions, where g n is also monotone and nondecreasing and satisfies
In order to prove our results, we need the following basic information.
Main results
Theorem . Suppose that β > , u n , a n , g n , h n are nonnegative functions, g n and h n are also monotone and nondecreasing,
Proof Let Bu n = g n ∇ -β h n u n . We find that B is linear and nondecreasing under the conditions that u n , g n , h n are nonnegative functions and g n , h n are also nondecreasing. Therefore, (.) turns into u n ≤ a n + Bu n .
Then we have u n ≤ a n + B(a n + Bu n ) = a n + Ba n + B  u n ≤ · · · ≤ a n + m- k= B k a n + B m u n (.) and
. . .
Hence we have Taking the limit as m → ∞ on both sides of (.) we get
This completes the proof of Theorem ..
Remark . If h n ≡ , (.) becomes Theorem . of Chapter  in []:
u n ≤ a n + ∞ k= g k n ∇ -kβ a n .
Corollary . With the conditions of Theorem
Corollary . Suppose that the conditions of Corollary . hold, a n is monotone increasing and  < aM  < . If
Proof Under the conditions of Corollary . and a n is monotone increasing, and we get
Corollary . Suppose that the conditions of Theorem . hold, if a n is monotone increasing, then from
Theorem . Suppose that β > , u n , and a n are nonnegative functions, ϕ(t) is monotone and nondecreasing,
Under the conditions that ϕ(a + b) ≤ ϕ(a) + ϕ(b) and ϕ(t) is
monotone and nondecreasing, we have
that is,
Noticing that ϕ(u n ) ≤ Lu n , |L| < , and u n is bounded for  ≤ n ≤ N , suppose that  < u n ≤ C, then we get
From the fact that the series
Due to the fact that ∇ -mβ ϕ m (u n ) ≥ , from (.) and (.) we have
taking the limit as m → ∞ on both sides of (.), we have
This completes the proof of Theorem ..
By choosing some particular functions ϕ(t), we can get the corresponding results. For example, suppose that a n , u n , β are the same as in Theorem .. Let
Furthermore, if a n ≡ , then from sin t ≤ t, we have
Applications
Consider the fractional difference equation
, we know that the problem (.) is equivalent to the summation equation
Suppose that z n is the solution of the initial value problem
where h n is a monotone nondecreasing positive function, |h n | < . Then the solutions of (.) rely on the initial value continuously.
Proof From (.), (.), and (.) we have
From Corollary ., we have
Then the solutions of (.) rely on the initial value continuously. Proof From (.), (.), and (.) we have
By Theorem . we get
Then the solutions of (.) rely on the initial value continuously.
